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Introduction

This essay concerns the teaching of mathematics to visually impaired students. Visual impairment is a term, which covers both total blindness and varying degrees of residual vision. Some of the people who are visually impaired are born with sight difficulties and some have late-onset low-vision / blindness. Viewed against this background, students who are visually impaired are an extremely heterogeneous group.   

The questions I will address in this paper are: What does the research literature say about teaching/learning geometry for children who are blind? This is my main question in this paper, but I will also try to address the problem of question whether learning geometry is intrinsically more difficult for students who are blind. 

Geometry as a school subject is likely to be a challenge for students who are visually impaired and also for their teachers. When I, as an adviser, meet students who are blind, they often say that they do not like mathematics. Their teachers point out geometry as a particularly difficult theme to teach and they are asking me for advice in how to teach the subject. In some schools the visually impaired students are having a special teaching arrangement in another room than the classmates. In contrast, some students have nearly no adjustment to their teaching arrangements at all. Some teachers say they give priority to other parts of the curriculum or than the geometry, and some teachers want the blind student to study exact the same material as the sighted students. 

As a subject area and a field of research, mathematicians argue that (Euclidean) geometry is the (main) theory of space (Berthelot & Salin, 1998, p. 72). In elementary school children’s development of skills and understanding in many topics depend on their spatial sense. Spatial properties and relations include shape, size, distance, orientation, and relative location. Fractions, measurement, estimation, positive and negative integers on a number line, map reading, and various concepts in science and social studies all include spatial elements. Manipulation of objects in space also provides background for understanding algebra, trigonometry, calculus, and many topics in higher mathematics that require spatial thinking (Kennedy & Tipps, 1994, p. 387). Studies of human problem solving and language understanding have pointed out the importance of spatial representation and reasoning (Hobbs & Narayanan, 2002, p. 2). This shows that elementary geometry is not an isolated part of the curriculum, and the teachers’ questions for advice about how to teach geometry to visually impaired students is important.  

Knowledge of geometry enhances (sighted) children’s understanding of - and connects mathematics to the external world. I will illustrate how difficult this might be for a student who is blind, by using an example from my job as an advisor for visually impaired.

“It was a happy-day”. At last the snow had come, and the students in third grade wanted to go sledding in their break. One of the girls, Ann, a very clever girl, is blind and she is sitting to the right of the teacher, near by the wall (See figure 1). 
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Figure 1.  A sketch of the classroom. Ann is sitting to the right 

in the first row. The bookshelf in this sketch is brown. 

Behind Ann’s back, there is a bookshelf for Braille-books. To fetch a book, Ann has to go around the shelf. Nearly every lesson she is both fetching and putting the books back. She moves very fast from the desk and around the shelf and back to the desk again. The shelf is not so high, - not so wide, but quite long, as the picture shows. 


[image: image2.emf]
Figure 2.  A similar shelf to the one behind Ann. 

This day, just before the break, the teacher brought in a box with small sleds, and she said to the class:  

- The box with sleds is standing at the end of Ann’s shelf. 

As the same time as she was giving this message, she was looking at the box. The students looked in the same direction, - towards Ann’s shelf or the box. They could see the box and the shelf, but we do not know whether they cared about the given landmark (“at the end of”). The teacher’s behaviour in addition to the words gave the sighted students the ability to draw inferences about this topological concept. The body language of Ann indicated that she did not understand this message. I asked her afterwards what the sentence had meant to her, and she said: 

- There are so many edges. 
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Figure 3.  The lines in this illustration indicate that the teacher 

as well as the sighted student is looking at the box while she is 

talking about it. 

It seems as if Ann uses edge and at the end of as synonyms. The edges of the shelf are present and certainly important to Ann in the orientation, but they probably do not shape a geometric body with an end as a 2-D rectangle or a 3-D prism. Thus the spatial location (preposition) “at the end of” was meaningless for Ann. 
This example of not understanding an everyday message due to a different way of thinking of (geometrical) objects, show the importance of having a “rich knowledge” to teach geometry in such a way that students with visual impairment might grasp “a sighted world”. 

The knowledge to be taught

A main focus in the Norwegian geometry-curriculum for primary school is to analyze properties among two- and three-dimensional figures, in prospect to make constructions and calculations. The students shall also study dynamic processes as mirroring, rotations and shifts in practical and concrete situations as well as in symbolic levels. They are going to use maps, describe geometrical patterns and draw perspective. 

Anna Sfard writes: “ There is no direct route from general curricular principles to successful instruction” (Sfard, 2003, p. 354), and one big challenge in teaching geometry is the differences in space level. Geometry in microspace (the book, the desk and other prehensible relations) (Berthelot & Salin, 1998, p. 72) is probably the space which the students face most of their school time. The curriculum also embraces mesospace (corresponding to the usual domestic spatial interactions, e.g. the school campus) and macrospace (corresponding to city, maritime or rural spaces), as the aim is to use the knowledge in concrete and practical situations and to “transfer big spaces into maps” and vice versa. This is a difference in space-levels, which Berthelot and Salin claim teachers do not regard in the teaching process and which the researches interpret as a main source for learning difficulties in secondary school to sighted students. Does the research literature about blind student and geometry call attention to the same problem?

Literature Search Procedures

Research about teaching/learning geometry to blind students is a mixed area spread between disability studies (here visual impairment) and mathematical educational studies. The contribution in disability studies comes primarily from psychology and medicine, and to a less extent from pedagogy. In searching for literature in the research field in visual impairment, the descriptors geometry, mathematics, learning and teaching were used. Blind, blindness, visual impairment, visual handicap and visual impaired were the descriptors used for searching in the area of mathematical education. In the Scandinavian Journals the corresponding Scandinavian words where used. Sometimes the descriptors mentioned where used in combination. Databases that were searched included ERIC (The Educational Resources Information Center, Institute of Education Sciences of U.S.) and Ingenta, and a list of the journals is showed in the endnote
. 
The research that I found on the didactical approach to the question about blind students and geometry was minimal. A search in relevant journals (appendix II) showed some teaching recommendations, descriptions from workshops and information on equipment and resource materials, but validated research was nearly absent. I take Elisabeth Erwin’s words for mine: “There is a dearth of knowledge about science school subjects and children with visual impairments”  (my addition underlined) (Erwin, Perkins, Ayala, Fine, & Rubin, 2001).  

The importance of sight or consequences of sight difficulties in learning theory has been a comprehensive focus in cognitive psychological discipline as well as in medical studies of brain functions or dysfunctions. Studies of how children who are blind acquire and use knowledge have focused less on cognitive compensations and more on delays in development. “The literature of geometry” found in this particular study is very much about spatial understanding and visuospatial memory connected to “Mobility & Orientation”
. The structure used to present the literature about learning (and teaching) geometry in this paper is taken from the curriculum, as an attempt to build a bridge between the findings from laboratory experiments in cognitive psychology / medicine and to the school-geometry. 

In the following sections I review the research on different geometric-related topics and explore the various issues and implications for teaching and learning of mathematics that they raise. At first I review the differences between a visual and haptic mode in understanding both three-dimensional objects as well as the two-dimensional representations, and this is the foundation to the next sections about symmetry, rotation, perspective and mapping (space level). Other relevant topics e.g. geometrical patterns are not included in this paper. Finally, I will bring in reflections about my own attitude. The reason for this is that I believe these thoughts are an important part of the culture in education of people with visual impairment. 
The role of spatial information in haptic recognition of objects and 2D figures

The earliest features that the visual system extracts from objects are spatial, in the form of oriented edges (Klatzky & Lederman, 2003, p. 106). Haptic, or active tactile perception depends on complementary information from touch, active movement, and spatial cues as well as stimulus size and familiarity (Ballesteros, Bardisa, Millar, & Reales, 2005, p. 11). The haptic system is not very good at extracting information about the spatial layout of edges, but research result are not plain to what extent a visual handicap negatively influences spatial ability (D'Angiulli & Maggi, 2003; Hatwell, Streri, & Gentaz, 2003; Paterson, 2006; Ungar, 2000). Klatzky and Lederman distinguish between spatial information and intensive information. The latter indicate that an edge is present somewhere on an otherwise uniform surface, and this information about edges is quickly available through touch. The blind student is aware of the edge, e.g. the edges of the shelf as Ann was, but it is difficult to conceptualize the edges as a global shape or a Euclidean figure (a shelf as a rectangle or a prism) lying beyond reach of the hand (Paterson, 2006, p. 55). 

Different types of haptic edge layout

There are at least three types of tactile/haptic edge layouts. 1) The edges may form a two-dimensional pattern within the scale of a fingertip, e.g. a raised line drawing of a small square. 2) The edges may form a two-dimensional pattern that extends beyond the scale of the fingertip. 3) The edges may form the contours of a fully tree-dimensional object, e.g. Ann’s shelf, a desk, or a lunch box. A lunch box is a small object and can be handled between the two hands, but a shelf is too big to be embraced. The extracting of edges from freestanding objects, having a size beyond the scale of the fingertip, is a slow process in tactile/haptic mode. 


      

Figure 1: A pattern within the scale of the fingertip and a pattern bigger than the fingertip. 

The type of information that leads to object recognition to a child who is blind is the material from which an object is made (Klatzky & Lederman, 2003, p. 109). This makes a difference between the sighted and the blind student in the class, because a material property is an attribute that is independent of a geometric structure. Gentaz and Hatwell (2003, p. 124) showed this by demonstrating how a pair of geometrical forms with comparable global shape but different local features was judged less similar by touch than by vision. This might lead to the question whether it is important to use only a small range of well-known tactile figures in the learning materials, i.e. the schoolbooks, or if it is the fewer tactile assortments that might be the cause of these judging difficulties. Bouaziz, Russier and Magnan (2005) are arguing for establishing specific norms in the use of tactile graphics that would be simple cues that are easy to extract and recognize haptically.
Drawing and graphical construction of geometric figures and models

Drawing remains difficult for blind people
. On a perceptual level, the tactile checking of a drawing during its execution is far less efficient than the visual checking of the sighted. This is due to the exiguity of the tactile perceptual field and the highly sequential nature of tactile
perception, and the perceptivo-motor difficulty of following lines with the left index finger, while the right hand is in action. Furthermore, and more importantly, the congenitally blind are mostly unaware of the rules for transcribing three-dimensional aspects of space into two-dimensional symbols (Bouaziz, Russier, & Magnan, 2005a; Hatwell & Martinez-Sarrochi, 2003; Paterson, 2006; Thompson & Chronicle, 2006; Ungar, 2000), and we must also be aware of the difference between the activity (to draw) and the product (an illustration). One girl expressed this difference to one of my colleagues: 

- It is nice when you can sit beside me and listen to what I am telling you while I am drawing. Later it is difficult even for me to remember what the drawing was about. (Rusten, 2003).
A sighted child may identify a drawing or draw an object because a small-scale object provides immediate perceptual support (Potter, 1995, p. 142). Two-dimensional reproduction of real objects lack meaning for blind children (Dekker, 1989, pp. 5-6), as tactile illustrations
 do not really physically resemble the haptic object. Aud Johansen has compared the reading of two-dimensional tactile illustrations when you are born blind, trying to get sense of the tactile lines, as a reading of the line code at the back of trade goods in the shop (Johansen, 1997). Experimental research and pedagogical practise show, however, that the blind can learn the representation-conventions and benefit from the use of illustrations and drawings (Hatwell & Martinez-Sarrochi, 2003; Ostad, 1989; Thompson & Chronicle, 2006).  
More concretely, Hatwell and Martinez-Sarrochi (2003, p. 263) claim that illustrations accompanying a text seem to benefit 14-year-old blind students. There are other research studies showing that it is easier to recognize the correct illustration among many illustrations instead of drawing themselves (Hatwell & Martinez-Sarrochi, 2003) and to identify pictures representing familiar objects using a multiple-choice paradigm (Bouaziz, Russier, & Magnan, 2005b). I wonder if this is due to the way the students have to analyze the drawings: Selecting among two or more entities might lead to a more conscious and analytic verbal attitude, - a semantic mode, which fits the theory of one higher-order perceptual system. In this case, if the visual modality is disconnected, it should be possible to construct a reliable model of world, here spatial properties, based on the information of other four modalities combined with language (Dekker, 1989, p. 9). This is a neurological perspective, while Anna Sfard, who is a researcher in mathematics education, explains it this way: “…reflecting on our actions makes new mathematical concepts emerge. Subjecting actions to reflection means turning them into an object of linguistic expressions.” (Sfard, 2003, p. 374). The symbols (here the tactile illustrations) do not contain knowledge (Ernest, 1991/2003, p. 68).This has to be created by the reader, and the multiple-choice-way of presenting the tactile illustrations might guide the student to create new meanings.    

Issues and implications for education

There are at least three aspects of the research that suggest that attention should be given to the understanding of properties among two- and three-dimensional figures. In the first place, the blind students need to learn more than their sighted peers, because they need specific education to understanding tactile drawings as well as in making drawing themselves. This leads to the dilemma as to when these extra educational inputs are going to be given. Should the blind student have more teaching time than their classmates
, or should this teaching replace themes in the curriculum or special activities in the classroom?

Second, the way the lessons are worked out are important as the blind students should have the opportunity and challenge to express verbally their tactile/haptic exploration and activity. Of course there is a difference between a dialogue between a teacher and a student and a dialogue between students, as the former often has a question-answering mode (or an information mode). However, does a sighted child understand the special needs the blind classmate has in an activity? What kind of activities fits a verbal attitude coincident a situation where the blind student is able to have an overview to the material as well as to the situation the material is used? 

In Norway visually impaired students can get exemption from geometry for their exam, and will then have an alternative examination. The reason for this is that the student should not have to make constructions using dividers and ruler. This very often influences the education throughout all school years in the way that geometrical themes are downgraded. The question is whether this is a good solution? An alternative could be that the students learn to use a secretary for the construction-tasks: a secretary who carries out the drawings according to the student’s instructions.
Finally, there is the issue of the learning material. Should the tactile illustrations be presented in a multiple-choice frame, and should there be a text explaining the illustration specifically? In the last case, it means that the tasks in the Braille books have to be transformed in a different way than the original tasks in the books in ordinary writing
. Both solutions are “more to do” results: more text or more illustrations, which means that the students have to spend more time doing the tasks. 

The argument about specific norms of the tactile illustrations matches the experience from a small study at Tambartun. In this project we studied how a 7-year-old girl used her schoolbooks including the illustrations in the books. The video analyzes showed a difference in behaviour connected to known or unknown illustrations. When the illustrations where unknown the girl explored the illustration while the teacher where speaking about the task to do. The girl and the teacher then seem to have less common attention to the tasks than when the illustrations were known. Those tasks where at most “how-many-questions” and the illustrations were objects to be counted. 

Geometrical materials (including illustrations) might be presented with a specific norm in the case of surface, but not with regard to shape. Based on the definition of, say a triangle, the material should cover a variation of triangles. I reiterate my argument that a verbal activity with the material is essential to build an understanding “beyond the special cases”. When the students have an amodal (abstract) concept of the triangle, then the demands on variation should be less important. 

One reason for using two-dimensional material in school is to make the student’s activities more manageable for the teacher. I suppose it is easier to organize 25-30 students working with known tasks from their books than using three-dimensional materials. However this might be an invidious solution to a student with visual impairment. Models having a certain weight and some resistance surface that are nice to touch, might replace the tasks in the books. This of course means that the teacher has to do more adoptions and make demands upon assortment of the equipment. However, the students need to work with both three-dimensional material and with two-dimensional materials, because substituting three-dimensional material is important in helping students to develop a functional understanding. The important issue is timing. When should the student work with real objects and when is it ok to work with “symbols”? 

Symmetry and mirroring

There is an advantage for symmetrical shapes in touch as well as in vision, concerning three-dimensional objects, which probably is related to a body-centred reference frame. Two-dimensional symmetry, particular vertical symmetry, is always present in vision, but not observed in haptic shape perception (Gentaz & Hatwell, 2003, p. 124). In fact, two-dimensional non-symmetrical shapes are haptically detected more quickly and with fewer errors than symmetrical figures.  Thus Gentaz and Hatwell suggest that using two index fingers placed on either side of the egocentric Z-axis in a two-handed exploration is the best way to identify a two-dimensional shape. 

Issues and implications for education

The way of focusing on how the students should explore geometric figures, concrete or in a two-dimensional way, is knowledge from experimental studies and is a way of thinking teaching and learning as depending on individual applications and thus a need for individual training more than a contextual teaching. The results of training effective behaviour strategies do not automatically bring about changes in understanding (Ungar, 2000). 

I presume the concept of symmetry might be easier to handle in a one-dimensional, linear way constructing melodies, rhythms and palindromes, than symmetry in space. Such symmetry of a point might be related to order and time dimension more than metrical distances.

There are teaching recommendations about using Braille letters in symmetry tasks. The Braille cell is built up with six dots arranged in two columns (eight dots in an electronic equipment). Labelling the dots in the left column from the top as 1, 2, 3 and from the top in the right column as 4, 5, 6, dot 1 is the letter a, while dots 1,2,3,5 is the letter r and dots 2,4,5,6 is the letter w. Thinking of the dots as if they shape a global outline, as constellations-, this have been used in symmetry tasks as you can see in the example below (the letters r and w).  But although this is “a pattern” within the scale of the fingertip, and the top and sides of the fingertip can, in principle, be regarded as a spatial frame in relation to which the dot positions in the pattern can be determined, a Braille pattern is difficult to code as global shape (Millar, 1997, pp. 249-255). Thus those recommendations are not validated by research.

[image: image4.png]



Figure 4. The Braille cell with 6 dots; The letter a (dot 1); The letter r (dot 1,2,3,5); The letter w (dot 2,4,5,6); The letter r and w are symmetric. 

Despite difference theories about how tactile readers perceive Braille letters, I suppose the Braille system might be a “tool” to support the understanding of (two-dimensional) symmetry and the metrical aspect. In the example below each line has symmetry of a point, and the (metric) unit is the Braille cell. Working with symmetry in this way the student has to write line by line.  Collectively the lines might be perceived as two symmetrical figures or a figure and a mirrored figure. 
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Figure 6.  The Braille cell is used to create a symmetric shape.  

A geo-board (a peg-board) has the same qualities as the Braille system with regard to an explicit metric unit, and here it is both lengthwise and width wise. This enables the student to work both horizontally and vertically at the same time.  Working with a geo-board the student can either put the nails in the same way as in the Braille figure above, or as a perimeter with an elastic band making a physical outline.  

In a concrete context mirroring is a visual phenomenon, but working with symmetry might help a congenitally blind student to grasp the idea of the concept.     

Rotation and other congruence relations

To judge the identity of two spatial configurations differently orientated is influenced of mental images (Cornoldi, Fastame, & Vecchi, 2003, p. 176). Kaski (2002, p. 717) has defined visual imagery as the representation of perceptual information in the absence of visual input. Visual imagery is used in memory retrieval, problem solving, and the recognition of properties of objects, and thus visual imagery to sighted people has been shown to complement vision in the acquisition of knowledge. However, in contrast to vision (the input), mental images (the output) are usually easy to manipulate, and tend to be less detailed than actual perception (ibid.). 

Visuospatial mental images refer to a specific type of mental representations, and are the result of a complex cognitive process that relies on different information sources, i.e. visual, spatial, tactile, conceptual (Cornoldi, Fastame, & Vecchi, 2003, p. 173). This information’s are processed within the Visuospatial working memory system in a format that shows specific properties, which are only partially identical to the original sources. Congenital blindness does not prevent from generating mental images, although they should be differently organized and depending on the students’ perceptual experience (Bouaziz, Russier, & Magnan, 2005a; Cornoldi, Fastame, & Vecchi, 2003). In addition, Zimler and Keenan (in Kaski 2002, p. 722-724) have found that early blind show a poorer capacity for visualisation than late blind and image processing appear to be slower in blind subjects than sighted subjects (Kaski, 2002, p. 723). 

Issues and implications for education

In small-scale space, where haptic exploration with hands and arms is used, the three- or two-dimension “objects” is related to the body, providing a stable egocentric frame of reference. 

Dynamic processes, as rotation are also about “objects” related to other reference-frames than the body (external reference-frames). When the students’ experience of space comes from hearing, touch and movements, it is difficult to control external reference-frames. The pedagogical challenge then is to find learning materiel with a stable frame to which “objects” can be rotated. A Lego set (bricks and a small plate) and a face of a watch with mobile hands might both illustrate 90º, 180º, 270º and 360º.  These are the same angles the student are going to learn in M&O, and now the body is the “object” which rotate in relation to a external reference frame.  I have a hypothesis that discussing this challenge within the class is a method to build up the concept of rotation and this fits Anna Sfard’s (2003) assertion that: “Appropriate discussion of the demanding nature of enterprise will make the learning of mathematics only more challenging and attractive in the eyes of the learners” (p. 360). 

Perspective

An important difference between blind and sighted people is that the former seem to ignore the rules of perspective, although in different studies it was found that drawings carried out by blind sample contained unexpected spatial perspective notions (Cornoldi, Fastame, & Vecchi, 2003; D'Angiulli & Maggi, 2003; Thompson & Chronicle, 2006). Thompson and Chronicle (p. 77) have suggested this ability as an “untaught faculty” which can be developed, but it is unknown to what extent. Although blind people can appreciate the idea of different points of view and produce drawings from different vantage points, they may more naturally incorporate various points of view into one picture (ibid).  

Issues and implications for education

Perspective is a theme, which even more than rotation thinking in my personal opinion, should be minimized, and introduced only to explain the principles. There are some few blind persons who have showed a genuine understanding of perspective (Kennedy in Thompson & Chronicle), but I am unconvinced of its necessity for all blind children to devote time to this phenomenon that they will not perceive directly.   

Mapping and plan drawing

Mark Wagner makes in his book “The Geometries of Visual Space” a distinction between physical space and visual space, and show how this depends upon the stimulus conditions and mental shifts in the subjective meaning of size and distance (Wagner, 2006). “The output” (the consciously experienced space) is therefore not the same as the input, even to sighted people. The capacity to understand how the plan on the sheet could represent their tree-dimensional external world is not innate, neither in the blind nor in the sighted. A topological description of the environment is central to building a cognitive map, which is developmentally prior to a metrical description. To understand this means to conserve angles and proportionate distances across changes in scale, which in turn means that the child understands the shape of, say, a block in typically adult or Euclidean terms. Euclidean concepts permit us to understand a city block as having parallel sides and square corners and allow us to retain those geometric qualities in our mental maps. Without Euclidean concepts, a block would be understood as an amorphous bounded object (Potter, 1995, p. 143). 

Differences in space levels

In developmental psychology, the term small-scale refers to a space that neither surrounds one nor requires one to move about to comprehend its total spatial layout. The reach-space of the hand and fingers is said to be “prehensile space”. This corresponds to the term microspace. Large-scale, often referred to as “environmental concepts” is a space that surround one and requires one to move about to comprehend its total layout. Environmental concepts include the simple recognition of surfaces, awareness of functional qualities, or spatial relationship of the constituent parts of an object.  “Locomotor-space” implies the movement of the entire body. Corresponding to the earlier mentioned structure this is the mesospace and the macrospace. 

The practical application of small-scale training for teaching large-scale concepts is limited by psychological differences between small- and large-scale reasoning (Potter, 1995, p. 142). Small-scale typically allow children to use their own bodies or movement as spatial referents, for instance use perceptual cues external to the map space, such as the sides of the map space, or repetitious hand movements. The teachers then face a common difficulty to both sighted (Berthelot & Salin, 1998, p. 72) and blind students (Potter, 1995, p. 148) in trying to teach large-scale spatial competences with small-scale tasks. 

A normal sighted child can see an objects shape and compare it to similar objects. When the child is able to decentre and project themselves mentally through space in a Euclidean whole, they understand the connection between small-scale, i.e. a small house-model or a map, and the large-scale as the real house or the school campus. But a blind student who has learned a mobility-route, say, from the school campus and to the classroom, does not necessarily understand the route in the Euclidean geometric terms needed to draw a good map of it. Success on these tasks actually relies on different levels of cognitive operations. In this case, the large-scale task (to follow a route) could be solved with topological operations, but the small-scale task (to draw the map) requires deducing the shape of the route from a mental map that included Euclidean concepts (Potter, 1995, p. 145). 

Geometric reasoning across scales is not unitary in the way that children who understand certain spatial relations in a small-scale space (i.e. they can draw a rectangle) will not necessary understand equivalent spatial relations in a large-scale space (i.e. the space of the schoolhouse). One theory explain this to be caused because certain parts of the brain is associated with small-scale spatial reasoning and others with large-scale spatial reasoning (Potter, 1995, p. 146), and vision is explained to be the most pertinent sense in the assimilation of information to develop spatial concepts. Another explanation related to a neurological cause and a relatively high incidence of brain impairments among congenitally blind children are presented in the article of Potter (1995), but is too comprehensive in this presentation. 

The reach-space of the fingers is said to be “prehensile space”, while  “locomotor-space” implies the movements of the entire body (Paterson, 2006, p. 56). It is about to integrate experiences from different senses to build up abstract concepts. Research indicate that tactile maps can provide congenitally and early blind persons with a cleared impression of the spatial layout of the environment (Ungar, 2000, p. 10). The understanding of cross-scale relationships is probably aided by the integration and correlation of simple concrete experiences in each scale (Potter, 1995, p. 149), but how do a blind child correlate concrete experiences? My main hypothesis is the language.  

Issues and implications for education

My interpretation of the research result is that the connection between three-dimension and two-dimension and vice versa is a main aspect in understanding maps. In these cases the three-dimension is about large-space relations. I believe that for persons with visual impairment there is an analogy between understanding the physical surroundings and map comprehension. In interpreting the environment, which is an ongoing interpretation, the student needs to interpret hearing impressions, smelling and air pressure. Based on previous experiences, the student will create an image of the environment. This last sentence shows the distinction between an image and a visual correct knowledge, and show how a blind student in a “visual world” is a participant in an ongoing quiz: Always strive to give the best interpretations. 

To use a map the blind students first have to interpret the symbols into a macro-level and then make an image of the physical surroundings. In the example with Ann, we can see the difference between understanding symbols (a preposition in conjunction with an object) in micro- and macro-space. Although Ann had moved the entire body around the shelf (the meso-space), she had not developed an understanding of the Euclidean concept in a way that made her able to understand/interpret the teacher’s statement. This indicate that the symbol of a shelf do not function in using a map to understand the surroundings. Therefore, the education should have a special focus on the relation between micro-space (small models or two-dimensional illustrations) and meso-space (objects bigger than the hand) and to express this verbally: “How can a shelf be illustrated like a rectangle?” In this example “the querist” explain how the shelf is illustrated, and this is because a student who is visual impaired does have more than enough guessing challenges in surrounding interpreting. The blind student needs the opportunity to be aware of the way of doing it, and the challenge then to express this in a personal way. 
Conclusion

When one looks at the results collectively, it is clear that much more research is necessary before we will have sufficient knowledge to make wise decisions regarding teaching geometry to visually impaired students.
One conclusion is that many geometric concepts and skills take much more time to master for the blind or visually impaired student. Therefore an important decision must be taken about the time devoted to this concepts, since such an investment of time necessarily takes time away from other topics of study that are more perhaps readily mastered, such as in algebra or arithmetic.

If I take “one step back” and look at my own attitude to educational implications in geometry for students with visual impairment, I realize that there has been a change throughout this process of analyzing the research result in relation to the school geometry. In a way I started the work to substantiate the difficulties for blind students to handle geometry. In my working life, first as a teacher for students with visual impairment and now as an adviser, I have met many blind children who are striving to understand their own body and of course then to understand spatial relations among objects. Some of them can follow a wall physically and not be aware of passing a corner, and many have problem with the orientation of, say, a sheet. When I started to write this paper all these difficulties overshadowed my experiences with students who have remarkable good spatial skills. 

The heterogeneity among children with visual impairment is not only caused by the moment or the extent of the visual impairment (cf. the Introduction). The difference within the population are also caused by the variation in experience, general genetic factors as well as what kind of damage have caused the visual impairments. Damage in the eyeballs (or the in front visual system) is less critical to the cognitive development than a cerebral damage. David Warren (1994) institutes a search for proper description of the variation: What are the extremes in the population, and what is the nature of the distribution? I add: Which difficulties are caused by the visual impairment and which are caused by brain dysfunctions?

By focusing on the research results related to concrete, geometrical concepts I have seen better the ways of teaching: How can we make good implications for education? This has made me reflect upon the ideological aim of the education in geometry. Earlier it was about in what way geometrical skills will benefit visually impaired adults, - having in mind that truly no one are going to be an architect or stain-glass painter. This I believe has been a substantial part of my educational aim: To understand mathematics in its double role of tool and object (Sfard, 2003, p. 356) and an attitude of “giving” persons with visual impairment “a tool” for adult life. Paul Ernest (1992, p. 279) describes this as a Western scientific culture, which values reason and denigrates feeling, and “it strikes me” when he continues: “it separates knower from known, and objectifies its perceptions, removing the knowing subjects from the universe of discourse” (Ibid.).  

How do we make good implications for education? This writing process has convinced me that it is important both to have knowledge about tactile/haptic exploration as well as in mathematics education. Then there is a need for systematic investigation of the effects of the teaching. Having a visual impairment makes it more difficult to learn geometry, but when the teachers allow for the challenges, I believe this might bring interesting and positive experiences into the classrooms. 
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� The list of the electronic journals: 


Educational studies in mathematics, An International Journal; 


Focus on learning problems in mathematics, official journal of the research council on mathematics learning; 


For the learning of mathematics, an international journal of mathematics education; International journal of computers for mathematical learning; 


International journal of mathematical education in science and technology;  


Journal for research in mathematics education (JRME); 


The Journal of mathematical behaviour; 


Journal of mathematics teacher education;


JVIB, Journal of Visual Impairment & Blindness;  


Learning and instruction, the journal of the European Association for Research on Learning and Instruction;


Mathematical thinking and learning/an international journal; 


Matematik- Og Naturfagsdidaktik: Tidsskrift for undervisere, forskere og formidlere; 


NOMAD, Nordisk matematikdidaktik; 


Nämnaren: tidskrift för matematikundervisning; 


Teaching mathematics and its applications; 





� Mobility and Orientation (M&O) is a school subject for blind students. 





� A ball-point pen displaced over a plastic sheet with a granular texture that adherent to a thin rubber surface support traces a permanent raised line. This allows the blind student to draw and check her/his production tactually.





� The two most popular methods of creating tactile illustrations are generally regarded as being thermoform and microcapsule. Thermoforms are moulded plastic sheets mirroring the contours of lines of a real object, visual picture or graph, etc. Microcapsules, so called as they are produced on paper impregnated with microcapsules of alcohol, enable a single level of relief to be created by passing a black and white image though heather, raising the black sections to a uniform height. In this way while thermoforms provide some useful 3-D information, microcapsules are somewhat two-dimensional. However, as microcapsule pictures are much easier and faster to produce than thermoforms. 





� In Norway blind students are entitled to upward 1525 hours during elementary school. 





� In Norway the schools order the school books in Braille from Tambartun National Resource Centre. The books then are the same as the sighted children’s books but prepared for a Braille reader. 
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